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EXACT METHODS

1. Complexification

Applicable to Systems of first order ODEs in two variables whose forcing functions
satisfy the Cauchy-Riemann equations.

Yields

Sometimes, an explicit solution.

Idea

Two ODEs may represent the real and complex parts of a single ODE when written in
terms of a complex variable. When this occurs, and the single variable ODE can be solved,
then the original system can be solved.

Procedure
Suppose we have the two ODEs

dx

E ey, Y=g, (1.1)

i
and suppose that the Cauchy—Riemann equations

af 9y of g

= =— 1.2
ox Oy’ Oy ox’ (12)

are satisfied. Then the ODEs in (1.1)) can be written in terms of the single complex unknown
d
z = x + iy which satisfies the first order ODE £ = h(z) for some function h. This can be

z
d
integrated as / % _ . Then x(t) and y(t) are the real and imaginary parts of z(t).

h(w)

Handbook of Differential Equations: New Sections ©Dan Zwillinger 2025 All rights reserved.




Example 1
First order system: The most general set of first order (i.e., linear) constant coefficient
ODEs in two variables whose forcing functions satisfy the Cauchy—Riemann equations are

T =a+br+ cy,

1.3
y=A—cxr+ by, (13)

where {a,b,c, A} are constants. For these equations the differential equation for z = = + iy
is
z=(a+1iA)+ (b—ic)z, 20 = Zo + 1Yo- (1.4)

; A A
Its solution is z(t) = e®—* (zo + C;)tzic ) - (C;J—Hic ) The solutions for z(¢) and y(t)

are the real and imaginary parts of z(¢).
Example 2
Second order system: The most general set of second order (i.e., having up to quadratic

terms) constant coefficient ODEs in two variables whose forcing functions satisfy the Cauchy—
Riemann equations are

& =a+bx+ cy+ de? + 2exy — dy?,

1.5
= A—cx+ by — ex? + 2dzy + ey?. (1.5)

where {a,b,c,d,e, A} are constants. For these equations the differential equation for z =
T+ 1y is

5= (a+iA)+ (b—ic)z+ (d —ie)2?, 20 = To + iYo- (1.6)
This can be solved explicitly: z2(t) = 21 + 2 A where
1— <M> e(d—ie)(z2—21)t
20 — 21

{21, 22} are the roots of (a +iA) + (b —ic)z + (d — ie)z? = 0.
Example 3
Third order system: The system
&= —8+12x — 62% + 6y% + 2> — 3xy?,  x(0) =2,

: 2 3 (1.7)
¥ =12y — 12zy 4 32y — y°, y(0) =1,

leads to the complex ODE z = (z — 2)* with 2(0) = 2 +i. Solving results in z(t) =

T 1
24— —_—
V1+2t V1+2t
Notes
1. This section was created from Kiprono and Té6th [I]. That paper also includes:
(a) Explicit formulae, similar to (1.3 and (1.5)), for third order equations (e.g., up
to cubic terms) and for the general case.
(b) Explicit formulae, similar to (1.3)) and (1.4) for first order equations in four
independent variables comprising two complex variables.

. Hence, the solutions of the original system are z(t) = 2, and y(t) =

2. Complexifiation can solve some two-dimensional problems in linear elastostatics. For
example, the Airy stress tensor ¢ (from which stress components can be found) in
the plane (e.g., with axes x; and x2) may, depending on the problem, satisfy the
biharmonic equation

0*¢ 0*¢ 0*¢ B

4
= 2
Ve Ozt * 0r20x3 Ozt

0. (1.8)
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REFERENCES 3
. . . R 0*¢
Using the comples variable z = x1 + ix9, (1.8 results in V¢ = 16
z

most general solution is ¢ = f1(z) + f2(Z) + Zf3(2) + 2 f4(Z) where the {f;} are general
holomorphic functions; see Barber [2].

5 =0 whose
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2. Linear Operators Forced at Resonance

Applicable to Linear ODE operators, L = ag(z)+ Z a;(x)——, forced at resonance,

such as L[y(z)] = f(x) where L[f(z)] = 0; this is equ1valent to L? [ ( )] = 0. It also applies
to the more general case L™ [y(z)] = 0.

Yields

A representation of a particular solution.

Idea
By generalizing the L operator to be Ly (dependent on a new parameter, \), the solution
to L™[y(z)] = 0 can be written in terms of a solution y(x; A) to Ly[y(z; A\)] =0

Procedure

Given the linear ODE operator L, choose a function g(z) which is m times continuously
differentiable. Then select a value A\ such that ¢’(A\g) # 0. Define the generalized operator
Ly=1- g(A) such that Ly, = L; the examples will clarify the form of Ly. (We do not
explicitly use the L operator, so we do not discuss it.)

Let u(x) be a solution of the homogeneous problem for the L operator: L[y(z)] = O
Let u(x; \) be a solution of the homogeneous problem for the Ly operator: Ly[y(z; \)] =
Then a particular solution to the resonantly forced equation Ly[y(z;\)] = u(x;N) is the
function 1 8 ( N

u(z;
u(x; \) = ith g'(A) # 0 2.1
i) = s PR with g/(3) 2 (2.)

Using this, a solution to the original resonantly forced problem, that is Ly(z)] = u(z), is
y(z) = u(xz; Ao). Further, for each solution u(x; \) the sequence of functions

=1y (o
uj(a:;)\):%.(i’)\) forj=1,2,....,m (2.2)

are independent and when evaluated at A = A\g satisfy L™ [y(x)] = 0.

Example 1
Consider the constant coefficient linear ODE
d2
Lly(z)] = (d2 + 1> y=y"' +y=sinz (2.3)
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Since L[sinz] = 0 this linear ODE is being forced at resonance. Choosing g(\) = —\? and
Ao = 1 we define Ly = L — g()\); specifically
d’y d’y
L =55 -9\ )y=(5+N)y=y"+ X 2.4
o] = (% = a0 )= (T34 )y ="+ 0% (2.4
so that Ly, [y(z)] = Li[y(z)] = Lly(z)]. We note that L[y] = y”, but do not use it. The
homogeneous problem for the Ly operator, Ly[y(z;A)] = 0, has a solution u(x; \) = sin(A\x)
which, when evaluated at A = Ag = 1 is the forcing function in (2.3)). Using this u(z; \) in
(12.1) gives

~ 1 Ou(z; A\) 1
u(z; A) = PSS = <_2)\) x cos(Ax) (2.5)
Evaluating this at A = A\g = 1 yields the particular solution to 1) u(x; Ao) = _reost
Combining this with the solutions to the homogenous equation L[y(x)] = 0, yields the
. . . X COS T
general solution to 1’ that is y(x) = ¢1 sinx + cg cosz — 5
Example 2
Consider the linear ODE
d
L*[y(z)] =0 with Lly(z)] = <xdx - b> y=uzy —by (2.6)
Choosing g(A) = A and A\g = b we define
Laly@)] = (25 —g) )y = (w0 =2y =2y~ A (27)
AY\T)| = xdx g Y= md:c y=xy Yy .

so that Ly, [y(z)] = Lely(x)] = L[y(x)]. We note that Lly] = zy/, but do not use it. The

homogeneous problem for the Ly operator, Ly[y(x; )] = 0, has a solution u(z;\) = z*.

Using this function in (2.1]) gives

1 Ou(z; N)

NI

=2 nz. (2.8)

Evaluating the solutions w(z; A) and @(x; \) at A = A\g = b and taking a linear combination
of them gives the general solution to (2.6):

y(x) = 1z’ + cpa’Inz (2.9)

Example 3
Consider the constant coefficient ODE

1
Ly(x)] =0  with  Ly(z)]=vy" + ;y’ +y (2.10)
Choosing g(\) = —A? and \g = 1 we define
1
Lly(@)] ="+ —y' + Ny (2.11)

so that Ly,[y(z)] = Li[y(xz)] = L[y(z)]. The homogeneous problem for the L) operator,
Li[y(z; A)] = 0, has two linearly independent solutions u11(z; A) = Jo(Az) and wugy (x5 A) =
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Yo(Ax) where {J,(x), Y, (x)} are Bessel functions. Using (2.2)) yields the iteration of each
of these functions

upa(z; \) = W =z Jy(\z) = —zJ1(\2),
Sy () (2.12)
uga(x; A) = Uzgj)\% =2Yy(\r) = -2 Y (Ax).

Using (2.2)) again gives the next iteration of these functions

urz(x; A) = W =-22J () = —§ Ji(A\z) 4 2% Jo ()
. (2.13)
ugz(x; ) = W = —2?Y|(\z) = —; Yi(\z) + 2% Yo (A7)

Evaluating all the solutions found at A = A\g = 1, taking a linear combination of them, and
combining like terms gives the general solution to (2.10):

y(z) = c1Jo(z) + ca Yo () + c3z J1(2) + caz Y1 (x) + c52® Jo (@) + co2? Yo(z)  (2.14)

Notes
1. The information and examples in this section are from Willms [I] which, in turn, is
based on Gouveia and Stone [2].
2. While the problems addressed by this method can be solved using variation of param-
eters, the current method is easier and faster.
3. For first order linear operators, explicit solutions to be written using this method

(Willms [I, §3.8]). Consider L = p(z)<L + g(z) with p(z) # 0 on an interval of
interest. Let y = u(z) be a solution to L{y(z)] = 0, that is u(z) = exp (f;o ;‘%(z’j)dz).
Then, using L = L — A and Ag = 0, the m independent solutions of L™ [y(x)] = 0 are

x 2 J—1 .
uj(z) = u(z) (fxo p‘(lz)> for j =1,2,...,m.

d m
Applying this approach to ((:E —a)(x — b)d— + x) y = 0, the explicit solutions are
x

r—a

z—0b

a 1
uj(z) = |z — a|m|x—b|bfa <ln
a

j—1
5 ) for1<j<m (2.15)

4. Willms [I] applies this method to

3d—2—61+3 =3 i712 =e” or  Lyfy] =3L3y] = e®. (2.16)
w04 y=3\4, y= 2ly] = 3L1[y] = €. (2.

where L;[e®] = 0. He shows that the method fails if Ly is defined relative to Lo but
is successful if L is defined relative to L.
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3. Multiplicative DEs

Applicable to Second order multiplicative DEs of the following form. (This uses the
multiplicative calculus and multiplicative derivative (y*); on page [7| see notes #1 and #2.)

Y )" ()" =1 (3.1)
for the unknown positive function y(x), where p(z) and ¢(z) are continuous.
Yields
In some cases, a solution.
Idea

Some of the ideas for ODEs (e.g., reduction of order) can be applied to multiplicative
differential equations.

Procedure 1 .
2
Convert to a normal form: Start with equation lb Let v(x) satisfy il +p=0
v

1
so that v = exp <—2 / pdx). Then change variables

y(x) = u(m)”(‘”). (3.2)

Using y* = (u*)” w(*) and y** = (u**)" (u*)(%/) (u)(v//) results in a normal form

Yo
w*u"® =1 where r(z)= ~3- 7 +q. (3.3)

This normal form has removed the multiplicative first derivative term.

Example 1
The second order multiplicative DE
1_2 1_4 r—
A ) M| (3.4)
has p(x) = 222 and q(z) = 2* + 22 — 4; therefore r(z) = —4 in (3.3)). The transformation in
|D with v = exp (—% fpdx) = exp (—:r:3/3) changes equation 1} to be in the normal

form: u** u~* = 1 which has the solution u = (cl)(efzm) (02)(521)_

Procedure 2
Reduction of order: Start with equation (3.1). Suppose we know one solution, y; ().

(f udz)

We look for a second solution of the form ya(z) = (y1(x)) . This will be a solution

when u(z) satisfies

v (Gier) o @ = ggee (- [0e)  63)

where c is a constant of integration. Combining the two solutions, the most general solution

is then .
o Jap P(2)dz 1
ate (g (@)

y(@) = (1 ()" (12(2))” = (y1(2)) (3.6)
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3. Multiplicative DEs 7

Example 2

The second order multiplicative DE
y>n<>n<y(72sec2 :v) =1 (37)

has a solution y; (z) = e*2% for 2 > 0. Using this solution with p(z) = 0 in (3.6) results in
ya(z) = e 17t Hence, the general solution to (3.7) becomes y(z) = (¢t tan#—cz—czatanz)

Procedure 3
Convert to Riccati equation: Start with equation (3.1]). Look for a solution of the

Inz\ ny
form y = eXp((fzdx)_l). Using y* = 2~ '"Y and y** = (Z ” ) in |' results in
z

2*P@)ema(@) — ;2 Replacing 2* with exp (2'/z), taking logarithms, and setting w = ln z
results in a Riccati equation for w(z): w’ + p(x)w — q(z) = w?. Solving for w(x), using
z = e, and performing a multiplicative integration results in a solution for y(x).

Example 3
1 1
The multiplicative DE ™ (y*)= (y) = = 1 can, using the above procedure, be con-
verted to the Riccati equation w’ + —w + — = w?. This equation has the solution
x x
1 —2cz? 2
=— lting in the soluti = (LM )
7 T 205" Tesulting in the solution y(x) = exp =
Notes

1. The multiplicative calculus was defined by Grossman and Katz [3]. Bashirov et al. [I]
has a good summary with meaningful use cases. The general n*" other multiplicative
DE is written as

an(z) a”_l(‘q’.) as(x a1 (x ao(x
(™) () ()™ ) () = f(w) (3.8)

for the unknown positive function y(z).

2. Multiplicative derivatives: Assume {f(z),g(z),h(x)} are positive functions on an
interval of interest and p is a positive constant. The multiplicate derivative of f
is denoted f*. Properties include:

RN {CO N B {CE R ) A fath) — @)\
@ 5= S5 = [ B = e (B )
o) 7+ =exp (L) = exp (1)) and 00 = exp (@0 1))

A O Y B O (f*(n71)>*

3. Multiplicative integrals: Assume {f(x),g(z)} are positive bounded functions on an
interval of interest and p is a positive constant. The multiplicate integral of f is

b
denoted / f(z)de.

@ /abf () = exp < / b 1nf(a:)da:> so that /a b f(z)dz =1n /a b (eﬂz))d””
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4. Values of multiplicative derivatives and integrals (for a > 0 and b > 0)

@ | e / %

a 1
z exp (3) (%)m
2| exp(2) ()"
ax +b | exp (ax’lb) (bﬂfﬁﬂ
a® a a®’/?
e ex e—%x2(1—21nx)

5. The first order differential equations y*(z) = f(z,y(x)) and ¢/ (z) = y(z) In f(z,y(z))

are equivalent.

6. The solution to y*(z) = y(z) with y(0) = yo is y(z) = (yo)ez

7. The solution to y*(z) = y(z) ¢ with y(0) = yo is y(z) = (yo)eiu

8. The general solution to y**(z) = 7@ is y(z) = exp (¢1 sinx + co cos x).

y(x
9. Most of the content of this section is from Giilgen [2].
10. Yalgm and Dedeturk [4] describe how to solve multiplicative differential equations
using transforms.
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APPROXIMATE METHODS

4. Magnus Expansion for Linear ODEs

Applicable to Linear matrix ODEs y'(t) = A(t)y(t), specifically when the matrix
does not commute at different values of the argument A(t)A(s) # A(s)A(t).

Yields

A formal expansion of the solution which, in some cases, can be proven to converge.

Idea

Write the solution operator as an exponential of a matrix, where the matrix is a sum of
terms. Each partial sum of the matrix creates an approximation of the evolution operator.

Procedure
Start with the general n-dimensional linear ODE

y'(t) = A(t)y(t) (4.1)
as an initial value problem with y(0) = y, where A(t) is a square matrix. We seek the time-
evolution operator (also known as a propagator), a matrix U (¢) that satisfies y(t) = U(t)y,.
Of course U(0) = I, the identity matrix.

In some cases: (1) if A(t) is a constant, (2) if A(¢) is a scalar, or (3) if A( ) commutes
with itself (i.e., A(t)A(s) = A(s)A(t), for all t and s) then the solution to is

U(t) = Usimpte(t) = exp ( / A(s ) (4.2)

More generally (i.e., applicable when none above three conditions are met) the time-

evolution operator can be represented as U(t) = M) with Q(t Z Qi (t). The Magnus

expansion is a specific selection of the {£;}. The first few such terms are:

O (t) = / Alty) dis, ()= 5 /0 a, /O " ata [A(), Alt2)),
_! dt1 ! Ay [As, As)| + | A5, [Ag, 41]] ) |
6 0

%/dtl/o dt/ / dt4<[[[A1,A2},Ae],A4]

+ {Al, [[Az, As] ,A4]] + |:A17 [AQ,[A3,A4]}] + {Am [A37[A4w41]]])
(4.3)

Here A; = A(t;) and [B,C] = BC — CB is the commutator of the matrices B and C. A
formulae is available for every term; €, is a k-fold integral over £ — 1 nested commutators,
see Magnus [5] and Arnal et al. [1].

Note that Usimple(t) is the first approximation, e , in the Magnus expansion. If A(t)
commutes with itself, then all the higher order terms {Q | k = 2,3,...} vanish.

—_

Q1(t)
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Example
Consider the linear matrix ODE:

v =ty =] ol @9

To show that A(t) is non-commutative we compute:

= aamor=[2 4]0 5 [

o tl 0 tg O _ tl *tQ
N [0 tJ {0 tJ N [ 0 to —tJ 7 0.
For this problem, the time evolution operator can be determined exactly. The solution

to (4.4) can be written in terms of the Airy functions {Ai, Bi} and their derivatives. The
solution that satisfies U(0) = I is:

U(t):[Tm(Ai’(t)—alBl()) ms (Bi ()—agAi'(t))}

(4.5)

my (Ai(t) — a1 Bi(t))  mo (Bi(t) — az Ai(t))
- 1+ 848 4. L4y ooy (4.6)
N t* & t°

t+§+504+ I+ 5+ 1

for {my = 372/3T[-2/3], my = 3'/°T[2/3]/2, a; = 37'/2, ay = —3'/2}. The Taylor series
around ¢ = 0 is shown for later comparison.

We can compare this exact solution to the Magnus expansion. First we compute the
first few {{;}:

t? 3 5 I
0 2 12 0 0 120 360 0
)=, 2z, %)= 0 _& B =], & = o |
13 360

(4.7)
Using these, successive approximations of the U(t) operator are obtained by taking partial
sums of the {€2;} terms. For each of these, we find the Taylor series around ¢ = 0 to compare
against the exact result in (4.6).

2 A 1/3 . 3
Ut) ~ e = exp <[0 2D _ cl(;ihA (3)" sinh A with A — [t
t 0 (%) " sinh A cosh \ 2

1+2 4+ ;;;j:w;‘;m
= )\8/3
22N2/8 4+ A+ 1+7+...
i 3 | S 2 t8
B I+5+5+- ST+tsrtomt -
- tt t7 t3 8
t+ S+ 1+ L+
8 2, 7t8 (4.8)
U(t)Nte“b— 1+—+@+... ——&—ﬂ-i-m-k
t+12+2160+ 1+ % +144+
t3 8 t2 t° 8
U (F) mo (1 H0242 _ I+5+6G+- S+t maot -
()~ e R [ 1484 2
12 T 540 T - 6 360 T
t3 t8 t2 5 t8
[(F) mo 1+ _ 1+5+5+... S+55+ 1m0+
()~ e N N 1+ 8 4y
2 T 540 T - 6 80 -
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These results show that, for this problem, using three ) terms yields the correct first two
terms in the Taylor expansion. At least five terms are needed to obtain the next term in
the Taylor expansion.

Notes

1.
2.
3.

A good review of the Magnus expansion (up until 2008) is in Blanes et al. [2].

There is also a Magnus expansion for stochastic ODEs, see Kamm et al. [3]

A numerical application of the Magnus expansion to nonlinear ODEs is in Krull and
Minion [4].

. The Magnus series will converge for ¢ € [0,T) if fOT [|A(s)|| ds < m, where ||-]|, is the

matrix norm; see Moan and Niesen [6].

The Magnus series expansion maintains useful attributes of the exact solution. For

example, in classical mechanics the symplectic nature of the solution is preserved at

every order of the Magnus expansion.

There are several ways to compute a matrix exponential (see Molar and VanLoan [7]),

one way is to use the definition of the exponential function. For example, in we

[ee) n 2

need to find e () = Z ) . This can be readily evaluated since Q;(t) = [(t) %}
n=0

has a special structure. Consider the matrix M = [ ¢]. We find that M? = abl,
M3 = abM and, in general,

n!

(ab)™/?I if n is even,
M" = 4.9
{(ab)(”_l)/gM if n is odd. (4.9)
This leads to
o0 M™ o0 M2k oo M2k+1
M= Z — = Z — t Z P YY)
— nl P (2k)! = (2k+1)! o)
00 (ab)k 00 (ab)k sinh (\/@)
= I+ ——— | M =cosh (Vab) [ + ————~M
(S ) (35 o) o= oo () - 220

Defining A\ = vab = /t3/2 results in the value of e1(*) in (4.§)).
The MATLAB command expm and the Mathematica command MatrixExp compute
a matrix exponential.
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